Abstract. Let R be a commutative ring with identity and M be a unital R-module. A proper submodule N of M with N :R M = p is said to be prime or p-prime (p a prime ideal of R) if rx ∈ N for r ∈ R and x ∈ M implies that either x ∈ N or r ∈ p. In this paper we study a new equivalent conditions for a minimal prime submodules of an R-module to be a finite set, whenever R is a Noetherian ring. Also we introduce the concept of arithmetic rank of a submodule of a Noetherian module and we give an upper bound for it.
minimal prime submodules of an R-module. Also we introduce the concept of arithmetic rank of a submodule of a Noetherian module and we give an upper bound for it. Throughout, for any ideal b of R, the radical of b, denoted by Rad(b), is defined to be the set {x ∈ R : x n ∈ b for some n ∈ N} and we denote {p ∈ Spec(R) : p ⊇ b} by V (b), where Spec(R) denotes the set of all prime ideals of R. The symbol ⊆ denotes containment and ⊂ denotes proper containment for sets. If N is a submodule of M , we write N ≤ M . We denote the annihilator of a factor module M/N of M by (N : R M ). The set of all maximal ideals of R is denoted by Max(R). For any unexplained notation and terminology we refer the reader to [5] , [13] and [16] .
Preliminaries
The results of this section which will be useful in the next section given in [2] . Proof. We do induction on n. The case n = 2 is easy. Now let n ≥ 3 and the case n − 1 is settled. By definition for each 1 ≤ i ≤ n we have p i = (N i : R M ). From the hypothesis
. Now let the contrary be true. Then N ̸ ⊆ N i and hence (N i ∩ N ) ̸ = N , for any 1 ≤ i ≤ n. Also, from the inductive hypothesis it follows that
Let q be a minimal element of the set {p 1 , ..., p n } with respect to " ⊆ ". Then p i ̸ ⊆ q for each p i ∈ ({p 1 , ..., p n }\{q}). Without loss of generality we may assume that q = p n . Let
Then from the definition it follows that p i ⊆ J i , for all i = 1, ..., n. On the other hand for each x ∈ N and r ∈ R, if rx ∈ (N i ∩ N ) and x ̸ ∈ (N i ∩ N ), then rx ∈ N i and x ̸ ∈ N i . Therefore it follows from the definition that r ∈ p i . So rM ⊆ N i , and consequently, rN ⊆ (N i ∩ N ). As (N i ∩ N ) ̸ = N it follows that there exists an element
is a p i -prime submodule of N . Therefore without loss of generality we may assume that 
Then A is a finite set that has at most 2 p n element and for each N ∈ A, N is a {0}-prime
The following proposition is a generalization of [13, Ex. 16.8].
Proposition 2.2. Let R be a ring, M a non-zero R-module, N a submodule of M and x
Proof. We use induction on n.
it is easy to see that a + x ̸ ∈ N 1 . But if x ̸ ∈ N 1 , then by choosing a = 0 ∈ N the assertion holds. Now suppose n ≥ 2 and the case n − 1 is settled. Let q be a minimal element of the set
Without loss of generality we may assume that q = p n . Then it is easy to see that ∩
Then it easily follows from the definition of the p n -prime submodule that rc ̸ ∈ N n . Moreover, since r ∈ ∩
Therefore, the assertion hold for a := rc + b ∈ N . This completes the induction step. Definition 2.3. Let R be a Noetherian ring and M be a finitely generated R-module. For each p-prime submodule N of M we define p-height of N as: 
where Spec R (M ) denotes to the set of all prime submodules of M as an R-module.
Minimal prime submodules
The following lemma is needed in the proof of the first main result of this section. Note that in the sequel for any submodule B of an R-module M , the set of all minimal prime submodules of M over B is denoted by Min(B). Moreover, we denote Min(0) by Min(M ). Also, V (B) is defined as follows: (2) For every P ∈ Min(B) there exists a finitely generated submodule K P of P such that
(3) For every P ∈ Min(B) there exists a finitely generated submodule N P of P such that
(8) For every P ∈ D(B)
there exists a finitely generated submodule K P of P such that
(9) For every P ∈ D(B) there exists a finitely generated submodule N P of P such that
Proof. Without loss of generality, we may assume that B = 0, Spec R (M ) ̸ = ∅ and consequently
is finite, by Lemma 3.1 and Proposition 2.1, for
Then K P is finitely generated and the set V (K P ) ∩ Min(M ) = {P} is finite.
(2) ⇒ (3) Let P ∈ Min(M ) and V (K P ) ∩ Min(M ) = {P, P 2 , ..., P n }. Using Lemma 2.1 and Proposition 2.1 we can find an element x ∈ P\ ∪ n i=2 P i . Let N P := K P + Rx. Then N P is finitely generated and V (N P ) ∩ Min(M ) = {P}. 
By the definition there exists r ∈ R\(L : R M ) such that q 1 = ((L : R M ) : r) and therefore
Since q 1 N is finitely generated, so
, we have q 1 N ⊆ P and N P. Now if P be a pPrime submodule, then q 1 ⊆ p and so
Since R is Noetherian it follows that U has a maximal element, say q 2 . But q 2 M ⊆ H, for some maximal element H of F . We claim that (H : R M ) is a prime ideal of R. If not, according to the above argument, there exists q 3 ∈ Ass R (R/(H : R M )) such that q 3 M ∈ F and
By choosing q 2 , we must have q 2 = q 3 , which is a contradiction. Therefore (H : R M ) = q 2 is a prime ideal. Now we show that H is a q 2 -prime submodule. Otherwise there exist x ∈ M \H and r ∈ R\q 2 , such that rx ∈ H. So r ∈ Z R (M/H) = ∪ q∈Ass R (M/H) q and hence there exists q ′ ∈ Ass R (M/H) such that r ∈ q ′ . Consequently, q 2 ⊂ q ′ . On the other hand by the definition q ′ = (H : R y) for some y ∈ M \H. Since H ⊂ H + Ry, it follows that there exists N ∈ E such that N ⊆ H + Ry and so q ′ N ⊆ H. According to the above argument,
is a contradiction with the choosing q 2 . Therefore H is a q 2 -prime submodule of M . Whence, H contains a minimal prime submodule of M such as P. By assumption there exists a submodule N P of P such that N P ⊆ P ⊆ H and N P ∈ E, which is a contradiction. Therefore, Min(M ) is a finite set. Now the proof of (1) ⇔ (2) ⇔ (3) is complete.
(1) ⇒ (4) Follows from Lemma 3.1 and Proposition 2.1.
Now we have the following:
follows that there exists x P ∈ P such thatV (Rx P ) ∩ Min(M ) = {P}. On the other hand for all P ∈ (Min(M )\D(0)), we have V (P) ∩ Min (M ) = {P}, where P is finitely generated. So the assertion follows. (x 2 , . . . , x n ) such that
Let y 1 := x 1 + a 1 . Then y 1 ∈ N and Rad(N ) = Rad ((y 1 , x 2 , . . . , x n ) ). We shall construct the sequence y 1 , . . . , y n−1 ∈ N such that Rad(N ) = Rad ((y 1 , . . . , y n−1 , x n ) ) and
, by an inductive process. To do this end, assume that 1 ≤ k < n − 1, and that we have already constructed elements y 1 , . . . , y k such that Rad(N ) = Rad ((y 1 , . . . , y k , x k+1 , . . . , x n ) ).
We show how to construct y k+1 . To do this, as k < n − 1 it follows that 
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